Energy efficiency is an important design criterion for wireless communications. As parallel frequency channels are used for multiuser transmission, different channel bandwidth and power can be applied to transmit signals to different users. Channel bandwidth assignment and transmit power allocation are optimized to maximize the sum information rate with the total bandwidth budget, the total transmit power budget, and the userspecific rate requirements. Moreover, with variable total transmit power, the energy efficiency is measured as the maximum sum rate per unit of power used. In this paper, with fixed or flexible bandwidths of the user frequency channels, effective methods are developed to find the total transmit power along with the resource (bandwidth and power) allocation for maximum energy efficiency. This resource allocation ensures that, while each user's minimum rate requirement is satisfied, all of the excess resource of spectrum and transmit power is dedicated to the one user with the best channel quality. Simulation and experimental results validate the optimal solution of total transmit power along with resource allocation that supports the energy-efficient multiuser transmission.
I. INTRODUCTION
F OR broadcast multiuser transmission, parallel frequency channels can be used to avoid interference. The frequency band is divided for transmission to the multiple users. Thanks to multiuser diversity, it is likely that each user can experience a channel over certain frequency with good channel quality. For parallel frequency channels, the channel bandwidth can be adjusted for each user. Besides the bandwidth assignment, the total transmit power can be split among the transmission to the multiple users. With bandwidth assignment and transmit power allocation, the optimal strategy of multiuser transmission aims to maximize the sum information rate while satisfying the individual rate requirement of each user [1] .
When the frequency spectrum is divided into discrete frequency bins to be assigned to different users, a convex Manuscript programming relaxation can be exploited to find the optimal bin assignment and its energy distribution [2] , [3] . For practical applications, computational complexity was reduced by restricting the energy distribution to be constant across the used channels [3] . The dynamic bandwidth assignment and adaptive power allocation are referred to as resource allocation. Over parallel Gaussian broadcast channels, resource allocation was addressed to achieve any point on the boundary of the capacity region [4] and with a sum power constraint and receiver-specific rate constraints [5] . Energy efficiency allows the network to minimize energy consumption for transferring certain amount of information [6] - [9] . In the broadcast channel, it is measured as the sum communication data rate per unit of power used. As the energy efficiency can be modeled as the ratio of rate to power, a concave-convex fractional-programming framework was applied to the optimization of energy efficiency [10] . The fractional programming problem was solved with iterative algorithms, e.g., using the Dinkelbach method. At each iteration step, the optimal power allocation was solved for a fixed rate-to-power ratio. In the work of Isheden et al. [10] , a sum rate constraint was considered to model the quality-of-service requirement. In our work, each user has an individual requirement of achievable rate. Furthermore, we focus on developing low-complexity procedures to find the total transmit power and its user allocation that maximize the energy efficiency.
The energy-efficient multiuser transmission over parallel frequency channels can be applied to orthogonal frequencydivision multiple access (OFDMA) [11] - [18] . Wong et al. [11] minimized the overall transmit power by allocating the OFDM subcarriers to the users and determining the number of bits and the power level transmitted on each subcarrier. An iterative algorithm was used for multiuser subcarrier allocation. Once the subcarrier allocation was determined, the bit and power allocation algorithm was applied to each user on its allocated subcarrier. Because the energy efficiency with optimal resource allocation is strictly quasiconcave in the total transmit power, there exists a unique global maximum [19] - [23] . Miao et al. [19] maximized the energy efficiency by adapting both overall transmit power and its allocation, according to the states of the frequency-selective OFDM subchannels and the circuit power consumed. Iterative algorithms were developed to achieve the optimal link adaptation solution, and the special case of flat-fading channels was considered to develop an upper bound on energy efficiency. In their work, the energyefficient link adaption was studied for one transmitter-receiver pair communicating over multiple subchannels with a data rate requirement. In our work, we consider multiuser transmission with resource allocation and each user has a data rate requirement. Xiong et al. [20] addressed energy-efficient resource allocation in both downlink and uplink for OFDMA cellular networks with frequency-selective fading channels. The energy efficiency was maximized under certain user quality-of-service requirements. The optimal energy-efficient resource allocation was derived with a given subcarrier assignment, and a suboptimal algorithm was developed with a flexible subcarrier assignment. The subcarrier assignment with power allocation on each subcarrier to maximize energy efficiency encountered prohibitive complexity. They provided a suboptimal solution that iteratively assigned the subcarriers and found an upper bound on the maximum achievable energy efficiency by using the subcarrier time-sharing method. The time-sharing method was also used in [11] , and a similar concept of frequencydomain sharing of subcarrier was used in [2] . Xiong et al. [24] addressed the tradeoff between energy efficiency and spectral efficiency in downlink OFDMA networks. The impact of channel gain and circuit power on the energy efficiency-spectral efficiency relation was discussed. Wang and Vandendorpe [25] considered joint subcarrier allocation and precoder design for a MIMO-OFDMA downlink system for optimal energy efficiency. The subcarrier scheme made the energy-efficiency function a discontinuous quasi-concave function of the transmit power. Time-sharing approach was adopted to transform the problem into a quasi-concave problem.
In contrast to the existing research work, we develop lowcomplexity methods for energy-efficient multiuser transmission over parallel frequency channels. Each user has an individual requirement of achievable data rate. The methods can be applied to the downlink transmission of the contiguous OFDMA system. Adjacent frequency bins are used for transmission to one user, and the minimum channel gain across these bins can be estimated and fed back to the transmitter. Similar to [11] , we argue that there is a certain amount of transmission overhead as the transmitter has to inform the receivers about their allocated subcarriers. Nevertheless, this overhead is small when the channels vary slowly and because a contiguous band of subcarriers is assigned as a group to a user. The sum of information rates is used in measuring the energy efficiency. When the channel bandwidth assignment is fixed, we develop an effective method to find the total transmit power and its user allocation for maximum energy efficiency. When the channel bandwidth assignment is flexible, we develop an effective method for energy-efficient multiuser transmission with an optimal total transmit power along with its unique resource allocation. The joint bandwidth assignment and transmit power allocation ensures that, while each user's requirement of achievable rate is satisfied, all of the excess resource of spectrum and transmit power is dedicated to the one user with the best channel quality.
The contributions of this paper are as follows.
• The optimal resource usage and allocation for energyefficient multiuser transmission over parallel frequency channels are derived. Bandwidth-adjustable parallel channels can be implemented by assigning contiguous subcarriers in an OFDMA system. • With a fixed bandwidth assignment, a low-complexity method is developed to find the total transmit power along with its user allocation that maximizes the energy efficiency. User-specific rate requirements are satisfied. • With a flexible bandwidth assignment, a low-complexity method is developed to find the total transmit power along with the resource allocation that maximizes the energy efficiency. The unique solution of joint bandwidth assignment and transmit power allocation is derived. It maximizes the sum rate while guaranteeing the individual user rates. • The multiuser transmission design for maximum energy efficiency is verified with both simulation and experiment. The procedures of the energy-efficient transmission are implemented in an experimental testbed. The remainder of the paper is organized as follows. In Section II, the system model is provided for multiuser transmission over parallel frequency channels. An optimization problem is formulated to maximize the energy efficiency while satisfying the user-specific rate requirements. With fixed bandwidths, the maximization of energy efficiency is discussed in Section III. An effective method is developed that gives the optimal total transmit power and its user allocation. With adjustable bandwidths, the problem of joint bandwidth assignment and transmit power allocation is solved in Section IV. An effective method is developed in Section V to find the optimal total transmit power and the resource allocation for energyefficient multiuser transmission. In Section VI, simulation and experimental results verify the methods that maximize transmission energy efficiency. Finally, conclusion is drawn in Section VII.
II. SYSTEM MODEL AND PROBLEM FORMULATION
Consider a wireless broadcast scenario, in which a transmitter transmits to K receivers in parallel frequency channels and thus there is no interference at the receivers. Let K = {1, 2, . . . , K} be the set of the receivers. The transmitter assigns a frequency channel of bandwidth w k and uses power p k to transmit to the kth receiver (∀k ∈ K). Suppose that, once the coarse frequency locations of the channels are determined, the bandwidths {w k } k∈K are adjustable as long as there is no overlap and W = k∈K w k ≤ W M . W is the total assigned bandwidth, and W M is the bandwidth budget. An example is the contiguous subcarrier assignment of the OFDMA in IEEE 802.16 (WiMAX), IEEE 802.20 (MBWA), IEEE 802.22 (WRAN), and the downlink of the 3GPP LTE mobile broadband standard. A group of adjacent subcarriers is assigned to a single user.
Multipath propagation causes frequency-selective fading over the wide frequency band. Thanks to multiuser diversity, different users experience different frequency selectivity over the entire band. One frequency channel (a group of contiguous subcarriers) appears in deep fade to one user may not be in deep fade for other users. Taking advantage of the multiuser diversity, the transmitter uses parallel frequency channels that avoid deep fades to transmit to different receivers. Over the frequency range that the kth user channel can reside without any deep fade, the minimum channel gain |h k | 2 is measured by using pilot subcarriers.
With Gaussian channels, the achievable information rate of the kth user is given by
where N 0 is the noise power spectral density. The ratio of channel gain to noise density is denoted as g k = |h k | 2 /N 0 . In this paper, we call {g k } channel qualities which are constant during the transmission time in consideration and known to the transmitter. Fig. 1 illustrates the multiuser transmission, where the downlink to the kth receiver uses power p k to transmit over a parallel frequency channel of bandwidth w k with channel quality g k . The energy efficiency Γ EE is defined as the sum achievable rate per unit of power in bps/W or bits/Joule. That is
where R = k∈K r k , P is the transmit power, ζ is the power amplifier efficiency to generate transmit power P , and P C is the circuit power. The transmit power P consists of individual transmit power {p k } dedicated to the multiple receivers. That is, P = k∈K p k ≤ P M , where P M is the transmit power budget. The circuit power P C corresponds to the power dissipation of the mixer, the frequency synthesizer, the active filter, and the digital-to-analog converter. It can be divided into one static part and one dynamic part that is a linear function of throughput [24] , [26] as follows
where P s is static circuit power and ξ is a constant denoting dynamic power consumption per unit data rate. The circuit power is relatively independent of the transmission rate. In the sequel, we adopt a constant circuit power consumption model as in [19] and [27] for the special case of ξ = 0. The optimization of energy-efficient transmission is to maximize Γ EE over W , P , and appropriately assigned {w k } k∈K and allocated {p k } k∈K . It can be formulated as
whereř k is the minimum achievable information rate. It is required that r k ≥ř k (∀k ∈ K) to guarantee the quality of service. Let R 0 = k∈Kř k . We approach Problem P 1 with a two-step progression. First, suppose that {w k } are fixed. For any total transmit power P , we derive the optimal power allocation {p k } that maximizes R. Further, the optimal P is found with an effective method that maximizes Γ EE . Second, we address the joint bandwidth assignment and transmit power allocation that maximizes R and further find the optimal P that maximizes Γ EE .
III. TRANSMIT POWER ALLOCATION AND ENERGY EFFICIENCY IN MULTIUSER TRANSMISSION

A. Optimal Transmit Power Allocation
Suppose that the total bandwidth W and its assignment {w k } k∈K for transmission to the K receivers are fixed. Given total transmit power P ≤ P M that is used by the transmitter, the optimization problem of transmit power allocation can be formulated as
where the constraints are to satisfy the minimum rate requirement of every user and the total power limit. The achievable information rate r k = w k log 2 (1+p k g k /w k ) is strictly increasing and concave in p k , for any given positive g k and w k . Problem P 2 is a convex optimization problem. The solution of P 2 and its property are summarized in Proposition 1.
Proposition 1: For total transmit power P that is used, the power allocation problem P 2 is a convex optimization problem with its optimal solution given bŷ
and (x) + represents max(x, 0) and μ is an intermediate variable that makesp k 's satisfy the total transmit power constraint. Define Set I as the set that contains the users that are transmitted to with their minimum required power, i.e., 
The maximum sum information rate is given byR
Proof: See Appendix A. Given P , the optimal power allocation {p k } is the waterfilling solution. This can be visualized in Fig. 2 . The kth user occupies a power area with width w k . The initial water level is α k = 1/g k +p k /w k . The total transmit power P is the shaded area in the figure. When the total power P > P 0 , the power water level rises to 1/μ. In the example in Fig. 2 ,
B. Maximization of Energy Efficiency
With total used power P ≤ P M and the optimal power allocation, the maximum sum information rate and the energy efficiency areR(P ) andΓ EE (P ) =R/(P/ζ + P C ), respectively. The goal is to find P opt ∈ [P 0 , P M ] such thatΓ EE (P opt ) is maximized while applying the optimal power allocation.
Proposition 2: The maximum sum information rateR(P ) is continuously differentiable, strictly increasing, and concave in P ≥ P 0 . The energy efficiencyΓ EE (P ) is continuously differentiable, and it is either strictly decreasing or strictly quasiconcave in P ≥ P 0 .
Proof: See Appendix B. IfΓ EE (P ) is strictly decreasing, the maximum energy efficiency is achieved while transmitting with minimum power for every user that meets the achievable-rate requirement, i.e., P opt = P 0 andp k =p k , ∀k ∈ K. IfΓ EE (P ) is strictly quasiconcave, since lim P →∞ΓEE (P ) = 0, there is a unique global maximum at some finite transmit power P opt . AsΓ EE (P ) is continuously differentiable, its first derivative can be calculated and used to find P opt that maximizes the energy efficiency. The derivative ofΓ EE (P ) is given by
As P/ζ + P C > 0, the sign of dΓ EE (P )/dP is determined by the sign of Λ(P ) = (P/ζ + P C ) · dΓ EE (P )/dP as
The constant and dynamic circuit power models yield similar methods to achieve energy efficiency. In the following, we simplify the problem by setting ξ = 0 and thus the constant circuit power model is used. Note that, if needed, we can always use the more general Eq. (7) to calculate Λ(P ) from dR(P )/dP andΓ EE (P ).
C. Low-Complexity Method for Implementation
To implement the transmission with maximum energy efficiency, we develop a low-complexity method that does not require iteration and can be applied to practical systems. As total transmit power P increases from P 0 , the critical levels of P at which Set I changes are found as follows. Let {α k } K k=1 be sorted in ascending order and denoted as α 1 ≤ α 2 ≤ · · · ≤ α K , where α k corresponds to g k ,p k and w k . According to the power allocation water-filling solution, as P increases from P 0 , the critical levels of P are the ones at which the water level 1/μ reaches α 1 , α 2 , . . . , α K in this order. In ascending order, the critical levels are given by
According to (5) , at the critical level P J−1 , the energy efficiency is given bŷ
, and it follows from (7) that
If Λ 0 ≤ 0, the optimal total transmit power with maximum energy efficiency is P opt = P 0 and power allocationp k = p k , ∀k ∈ K. When Λ J−1 > 0 and Λ J ≤ 0, the transmitter uses excess transmit power for the J users with the J smallest α's beyond their minimum required power. The maximum energy efficiency can be achieved and P opt ∈ (P J−1 , P J ]. Within this power interval, the energy efficiency with optimal power allocation can be calculated from (5) aŝ
whereW
The sign of the derivative is determined by the sign of Θ(P ) = ζ(P/ζ + P C ) 2 ln 2 · dΓ EE (P )/dP , which is given by
As Θ(P J−1 ) > 0 and Θ(P J ) ≤ 0, the root of Θ(P ), P ∈ (P J−1 , P J ] can be found with the bisection method. The procedure of finding the optimal total transmit power P opt along with its user allocation {p k } that maximizes Γ EE is sketched in Procedure 1. This method is of low complexity. In the last step of Procedure 1, the optimal power allocation is calculated using the water-filling solution (4) . Because Set I is established in the procedure, it is known what users are transmitted to with their minimum required power {p i } i∈I and what other users need power that reaches the water level 1/μ. The calculation of the water-filling solution becomes straightforward.
Procedure 1 Find Optimal Total Transmit Power and Its User
Allocation That Maximize Γ EE 0. Calculate minimum transmit powerp k from minimum rate requirementř k , ∀k ∈ K; 1. Calculate α k = 1/g k +p k /w k , ∀k ∈ K, where g k and w k are given; 2. Sort {α k } in ascending order as {α k } K k=1 ; 3. Calculate the critical levels of total transmit power P J−1 , J = 1, 2, . . . , K using (8) . The power levels can be neglected if they are beyond P M ; 4. CalculateΓ EE (P J−1 ) using (9) and Λ J−1 using (10), starting with J = 1 and stopping when Λ is negative; 5. If Λ 0 ≤ 0, P opt = P 0 , go to Step 7; 6. When Λ J−1 > 0 and Λ J ≤ 0, the optimal total transmit power is in interval (P J−1 , P J ]. Establish Set I. Find P opt as the root of Θ(P ) in (13) with the bisection method; 7. With P opt , calculate the optimal transmit power allocation using (4) and the maximum energy efficiency using (11) .
IV. JOINT BANDWIDTH ASSIGNMENT AND TRANSMIT POWER ALLOCATION Suppose that the transmitter can exploit multiuser diversity and determine the coarse frequency locations of the parallel channels that avoid deep fades for transmission to the K receivers. With total bandwidth W and total used transmit power P , we want to simultaneously assign channel bandwidth and allocate transmit power for each user to maximize the sum rate while satisfying individual user rate requirements. Let us assume that the bandwidths {w k } of the parallel frequency channels are continuously adjustable [28] , [29] . Of the frequency channel to the kth user, the channel gain varies less drastically over frequency compared with that across the entire frequency band that may include deep fade. The minimum channel gain |h k | 2 gives a good approximation and the transmitter can acquire the channel quality g k = |h k | 2 /N 0 . In practice, there may be a portion of the entire frequency band that is not good for transmission to any user. In this case, we can only make a best effort to determine the coarse frequency locations of the parallel channels such that most frequency band can be used.
As the criterion is to maximize the sum information rate R, the optimization problem of joint bandwidth assignment and transmit power allocation can be written as
Suppose that {g k } are distinct and are sorted in descending order g 1 > g 2 > · · · > g K . The sum information rate R is a concave function of {w k } and {p k }. Therefore, Problem P 3 is a convex optimization problem. Proposition 3: For total bandwidth W and total used transmit power P , Problem P 3 of joint bandwidth assignment and transmit power allocation is a convex optimization problem. If this problem has a feasible solution, the optimum is achieved as follows.
1) The K − 1 users with channel qualities g i , i = 2, 3, . . . , K, are transmitted to at their minimum ratesř i , i = 2, 3, . . . , K. All of the remaining resource of spectrum and transmit power is used for transmission to the user with the best channel quality g 1 .
2) The bandwidth assigned and the transmit power allocated to the ith user (i = 2, 3, . . . , K) are respectively
where W
), and W 0 (·) is the principal branch of the Lambert W function. The bandwidth assigned and the transmit power allocated to the user with channel quality g 1 are respectively
The intermediate coefficient ψ satisfies
3) The maximum sum information rate iŝ
). Proof: See Appendix C. For i = 2, 3, . . . , K, it follows (14) that w i is strictly decreasing in ψ > 0. Therefore, p i is strictly increasing in ψ > 0. From (15), we have lim ψ→0 p i =ř i ln 2/g i , i = 2, 3, . . . , K.
For i = 1, the maximum information rate of the user with channel quality g 1 is denoted asr 1 , i.e.,r 1 = w 1 log 2 (1 + p 1 g 1 /w 1 ), and (18) can be rewritten as
The bandwidth assigned to this user can be solved as
Let us denotew 1 =ř 1 ln 2/(W (1) 0 + 1) andp 1 as the bandwidth and the transmit power, respectively, that just meet the minimum rate requirementř 1 of user 1. The formula ofw 1 is analogous to (14) which shows that w is strictly decreasing in ψ. Becauser 1 ≥ř 1 , the feasible value of ψ is in interval [ψ min , ψ max ], where ψ min is found whenw 1 + K i=2 w i = W and ψ max is found whenp 1 + K i=2 p i = P . If ψ min > ψ max , the minimum rate requirements cannot be simultaneously satisfied for the users with total bandwidth W and transmit power P . For ψ min ≤ ψ max , it follows from (21) that
The left side of (22) is strictly increasing and the right side of (22) is strictly decreasing in ψ ∈ [ψ min , ψ max ]. Define Ψ(ψ) as
It has a unique zero-crossing point in [ψ min , ψ max ], and ψ can be obtained with numerical methods.
The result reveals that, although both channel bandwidth and transmit power can be adjusted for transmission to each user that guarantees its minimum achievable-rate, there is a unique combination of bandwidth and power allocated for each user. With it, the transmitter then allocates the excess bandwidth and power for transmission to the user with the best channel quality such that the sum information rate is maximized.
V. ENERGY EFFICIENCY IN MULTIUSER TRANSMISSION WITH OPTIMAL RESOURCE ALLOCATION
Given total bandwidth W and total transmit power P , the above user resource allocation method maximizes the sum information rate of the downlink. With every particular W and P , the maximum sum information rateR(W, P ) is achieved with the proposed method of joint bandwidth assignment and transmit power allocation. Next, we want to find the optimal total bandwidth and the optimal total transmit power that maximize the energy efficiencyΓ EE = R(W, P )/(P/ζ + P C ).
Proposition 4: The energy efficiencyΓ EE = 1 P/ζ+PC R (W, P ) is continuously differentiable in W and P , given that the (W, P )-pair can satisfy the minimum rate requirements. The energy efficiencyΓ EE is strictly increasing and concave in W , andΓ EE is either strictly decreasing or strictly quasiconcave in P .
Proof: The proof is similar to the proof of Proposition 2, starting with thatR(W, P ) is strictly increasing and concave in W and P .
It is evident from Proposition 4 that the multiuser transmission should use total bandwidth as wide as possible, i.e., W = W M .
If the total bandwidth W = W M is small, sufficient transmit power P 0 is required to meet the minimum rate requirements. In this case, it is more likely thatΓ EE is strictly decreasing in P ∈ [P 0 , P M ]. If W = W M is large, there is already adequate bandwidth that can be used to meet the minimum rate requirements. In this case, it is more likely thatΓ EE is quasiconcave in P ∈ [P 0 , P M ]. The derivative-based method can be used to find the optimal total transmit power P opt that maximizesΓ EE .
The partial derivative of the energy efficiency over P is given by
where ψ(W, P ) is obtained following Proposition 3. For particular W and P that can satisfy the minimum rate requirements, there is a unique ψ that corresponds toR(W, P ) in (19) . As P changes, ψ changes. With ψ(W, P ) obtained numerically for a series of P , its partial derivative ∂ψ/∂P can be calculated. And,
The sign of the partial derivative of the energy efficiency over P is determined by the sign of Λ P (W, P ) = ζ(P/ζ + P C ) 2 · ∂Γ EE (P )/∂P , which is given by
IfΓ EE is strictly decreasing in P and Λ P < 0 (∀P ≤ P M ), the optimal total transmit power P opt is the minimum required transmit power, i.e., P opt = P 0 . IfΓ EE is quasiconcave, P opt is found at the zero-crossing point Λ P (W, P opt ) = 0. The procedure of maximizing the energy efficiencyΓ EE in multiuser transmission is sketched in Procedure 2. This method is of low complexity because no optimization solver is needed. In the algorithm implementation, the values of the principle branch of the Lambert W function W 0 (z) can be precalculated and set as a lookup table. We use Halley's method to calculate W 0 (z) with appropriate initial guesses (See Appendix D). For Procedure 2, suppose that we use D linearly spaced ψ in the range to numerically find ψ min in Step 1. D is determined by the algorithm precision requirement. To find {W 
VI. NUMERICAL RESULTS
A. Simulation
We perform computer simulations to verify the accuracy and the effectiveness of Procedure 1 and Procedure 2. A downlink scenario is simulated where a transmitter communicates with K = 3 receivers over three parallel frequency channels. The three channel qualities {g k } 3 k=1 are arbitrary in (0, 10] but invariant during the transmission. The three users have minimum rate requirements {ř k } 3 k=1 in (0, 10]. First, suppose that the fixed bandwidths {w k } 3 k=1 are assigned to the users. The user bandwidths {w k } are arbitrary Procedure 2 Find P opt That Maximizes Energy Efficiencŷ Γ EE With Joint Bandwidth Assignment and Transmit Power Allocation 0. Coarse frequency locations of parallel channels are chosen for transmission to the K receivers. The minimum channel gains are measured and the user channel qualities are sorted in descending order g 1 > g 2 > · · · > g K ; 1. Total available bandwidth W M is used to assign parallel frequency channels to the K users. Find ψ min by settinǧ (14) is used forw 1 and (15) is used forp 1 and {p i } K i=2 . If P 0 > P M , the minimum rate requirements cannot be met simultaneously, and Stop; 3. For a series of P ∈ [P 0 , P M ], find ψ(P ) such that Ψ(ψ(P )) = 0 in (23). These ψ(P ) values can be obtained with simple numerical methods because Ψ(ψ) is monotonically increasing in ψ. Calculate ∂ψ(P )/∂P ;
Otherwise, P opt is found when Λ P (W M , P opt ) = 0. Simple numerical methods can be used because Λ P (W M , P ) is monotonically decreasing in P ; 6. The maximum energy efficiency isΓ EE = R(W M , P opt )/(P opt /ζ + P C ), whereR is calculated using (19) . With W = W M and P = P opt , bandwidth assignment and transmit power allocation are obtained with (14)-(17). and the total bandwidth W = w 1 + w 2 + w 3 is in (0, 15]. The minimum required power {p k } is calculated from {w k } and {ř k }. The total transmit power P increases starting from P 0 =p 1 +p 2 +p 3 . Given P , the optimal transmit power allocation {p k } 3 k=1 is found according to the method in Section III-A. Suppose that ζ = 0.8 and P C = 10.
The top figure of Fig. 3 shows the sum information rate R(P ) versus changing total power P . The green area indicates all possible R(P ) with various power allocations Fig. 3 shows the energy efficiency Γ EE (P ) versus changing total power P . The green area indicates all possible Γ EE (P ) with various power allocations. The solid red curve representŝ Γ EE (P ) with the optimal transmit power allocation, which is quasiconcave. Fig. 4 reflects the accuracy of Procedure 1 in Section III-C for transmission at maximum energy efficiency. In this example, P for the maximum energy efficiency is within interval (P 0 , P 1 ]. Therefore, only Θ(P ) within this interval needs to be calculated and the zero-crossing point corresponds to P opt that maximizesΓ EE .
Second, transmission energy efficiency is achieved with joint bandwidth assignment and transmit power allocation. Given total bandwidth W , user bandwidths w 1 and w 2 vary from 0 to W , and user bandwidth w 3 is determined by w 1 and w 2 as w 3 = W − w 1 − w 2 . Fig. 5 shows the concave envelope Sum information rateR(W, P ) with joint optimal bandwidth assignment and transmit power allocation. of the sum information rate R(w 1 , w 2 , W − w 1 − w 2 , P ) with various bandwidth assignments {w 1 , w 2 , w 3 = W − w 1 + w 2 } and W = 15, P = 20. Fig. 6 is a contour plot and the red star indicates the peakR(W, P ) with joint optimal bandwidth assignment and transmit power allocation. The calculation of maximum sum rateR(W, P ) follows (19) in Section IV.
As total bandwidth W and total transmit power P change, Fig. 7 shows the sum rateR(W, P ) with joint optimal bandwidth assignment and transmit power allocation.R(W, P ) increases as W or P increases. Fig. 8 shows the energy efficiencyΓ EE . For various W 's, the solid red curve indicates the peakΓ EE (P opt ) that is found with the derivative-based method in Section V.Γ EE (P opt ) increases as W increases, and the maximum is at W = W M . Fig. 9 shows the sign indicator Λ P (W, P ) of the efficiency derivative. The zerocrossing curve corresponds to Λ P (W, P opt ) as total transmit power P = P opt . Fig. 8 and Fig. 9 reflect the accuracy of Procedure 2 in Section V for transmission at maximum energy efficiency. 
B. Experiment
We conduct experiments to achieve energy efficiency in wireless multiuser transmission. The wireless transceivers are the National Instruments / Ettus Research Universal Software Radio Peripheral (USRP) N210 with the CBX daughterboard. The wideband transceiver covers a frequency band from 1.2 GHz to 6 GHz with a bandwidth of 40 MHz. In the experiment, the transmission is centered at 2.4 GHz with a frequency span of 5 MHz.
The channel gains over the 5-MHz band are measured indoor from one transmitter to six user receivers. The receivers are located at different positions surrounding the transmitter. The distances between the transmitter and the receivers are two to three meters. Some receivers have line-of-sight to the transmitter while others experience non-line-of-sight to the transmitter. Multipath propagation of the indoor environment causes channel frequency selectivity over the 5-MHz frequency band. To measure the channel gains, we use the USRP to transmit an impulse train. An Agilent N9030A PXA Signal Analyzer is used to measure the transmit and received power spectra. Fig. 10 shows the transmit power spectrum centered at 2.4 GHz with a span of 5 MHz. Fig. 11, Fig. 12, and Fig. 13 show the received power spectra of three users, User 1, User 4, and User 6, respectively, in the experiment. The channel gains are obtained by comparing the received power spectra with the transmit power spectrum. Fig. 14 shows the channel gains of the six users over the 5-MHz band. It is revealed that the channel gains are approximately in range [−86, −60] dB and frequency-selective over the 5-MHz band. For each user in the experiment, we exclude the frequency portion where the channel gain drops 4 dB below its maximum. Of what remains for the kth user (k = 1, 2, . . . , 6) , we select the widest continuous band as the frequency range that the kth user channel can reside and acquire the minimum channel gain |h k | 2 . Later, with the bandwidth assignment result, we will inspect that the parallel channels can be properly allocated in their allowed frequency ranges with no overlap. With arbitrary channels over frequency, it is possible that the selected frequency ranges do not cover the entire 5-MHz band or the resulting user channels cannot be allocated in the allowed frequency ranges without any overlap. In these cases, we can slightly expand the frequency ranges with reduced minimum channel gains.
When the transmission gain is chosen, the transmit power p k should be linearly proportional to the bandwidth w k so that the transmit power density p k /w k is constant. Fig. 15 shows the transmit power measurement when the USRP transmitter uses three different transmission gains. The transmitted power is measured versus various transmission bandwidths. The linearity of the experimental data is indicated by the normalized root-mean-square error (NRMSE) of the linear regression. A small NRMSE indicates good linearity. The transmit power density is given by the slope of linear regression of the experimental data points. Table I gives the linear regression slope values (transmit power density) and the NRMSE values with three different transmission gain levels. It is verified that the transmit power is linearly proportional to the bandwidth and this is a valid experimental testbed to evaluate our transmission method. The experimental system can reach a transmit power density as large as 1.460245 × 10 −8 W/Hz. We use this value to regulate the maximum transmit power P M .
In the experiment, an OFDMA system uses 256 subcarriers across the 5-MHz frequency band. The transmitter transmits to the six user receivers using contiguous OFDMA subcarriers within the 5-MHz frequency band. The required minimum achievable rate of each user is 1 Mbps. The noise power spectral density of the USRP receiver is N 0 = −170 dBm/Hz. Procedure 2 is used to find the optimal total transmit power with joint bandwidth assignment and transmit power allocation for energy efficiency. The entire W = 5 MHz bandwidth is used for transmission. During the procedure, ψ(P ) and ∂ψ(P )/∂P versus total transmit power P are shown in Fig. 16 . The indicator Λ P (P ) (Eq. (25)) and the energy efficiencyΓ EE are shown in Fig. 17 . With Procedure 2, the optimal total transmit power P opt for maximum energy efficiency is calculated on the experimental testbed given finite algorithm precision. The result is very close to the theoretical optimal point which gives the maximum transmission energy efficiency of 8.304237 × 10 9 bps/W.
At the optimal point of maximum energy efficiency, the bandwidth assignment and transmit power allocation for the six users are obtained and listed in Table II . In this table, the users are sorted with the descending order of channel qualities {g k }. The transmit power density and the achievable Transmit power spectral density measurement of the designed contiguous OFDMA subcarrier assignment and power allocation. Fig. 18 illustrates the resource allocation of the six users. The transmission to each user occupies contiguous OFDMA subcarriers within the 5-MHz frequency band. The area of each block represents the transmit power p k used for transmission to User k (k = 1, 2, . . . , 6). The user labels and the user color code of this figure are in accordance with those of the six user channels in Fig. 14. We allocate the six user channels over the entire 5-MHz frequency band with no overlap and verify that each user channel is within its allowed frequency range. The experimental OFDMA system transmits with the optimal total power (P opt < P M ) and the optimal resource allocation that maximize energy efficiency. The transmit power spectral density is measured and shown in Fig. 19 , which follows the transmission design illustrated in Fig. 18 .
VII. CONCLUSION
The problem of energy-efficient multiuser transmission is formulated for transmission over parallel frequency channels. The gains of the user channels over the wideband are known to the transmitter. The transmitter can adjust channel bandwidth and transmit power for each user. Bandwidth-adjustable parallel channels can be implemented by, for example, contiguous subcarriers of an OFDMA system. By assigning bandwidth and allocating transmit power for each user within total resource (bandwidth and power) budget, the transmitter maximizes the sum information rate with the user-specific achievable-rate requirements. All of the available bandwidth is used for multiuser transmission, and the total transmit power can be determined to maximize the energy efficiency. With fixed bandwidths of the individual parallel channels, a lowcomplexity method is developed to find the total transmit power along with its user allocation that maximizes the energy efficiency. The user power allocation follows a water-filling solution. With flexible bandwidths of the individual parallel channels, joint bandwidth and power allocation is developed. The unique solution of resource allocation guarantees the minimum achievable-rate of each user while dedicating the excess spectrum and power to the one user with the best channel quality. To maximize the energy efficiency, the optimal total transmit power P opt is found with an effective method that does not need any optimization solver. The multiuser transmission design for maximum energy efficiency is verified with both simulation and experiment.
APPENDIX A PROOF OF PROPOSITION 1
Problem P 2 is a convex optimization problem. Using the Karush-Kuhn-Tucker (KKT) conditions, we have (∀k ∈ K)
As λ k acts as a slack variable, it can be eliminated that yields
Set I is the set of users that are transmitted to with their minimum required transmit power. Therefore, the optimal transmit power allocation is given bŷ
With the total power constraint, we have
These equations can be combined aŝ
where
The maximum sum information rate with the optimal power allocation isR
(33)
APPENDIX B PROOF OF PROPOSITION 2
Since r k is strictly increasing with p k and the optimal {p k } is the water-filling solution, the maximum sum rate and the allocated transmit power for each user are nondecreasing in P . Consider the derivative ofR(P ) for P ≥ P 0 . Increasing the total power by ΔP , if Set I has no change, the limit is
where J = K \ I. If Set I contracts, i.e., the kth user is excluded, 1 
The existence of the same limits indicates thatR(P ) is continuously differentiable in P ≥ P 0 . Accordingly, the energy efficiency with optimal transmit power allocationΓ EE (P ) = R(P )/(P/ζ + P C ) is continuously differentiable in P .
As P ≥ P 0 , dR(P )/dP > 0. The second derivative is given by
Therefore,R(P ) is strictly increasing and concave in P ≥ P 0 . Denote the superlevel sets ofΓ EE (P ) as
For β ≥ 0, S β = {P ≥ k∈Kp k | βP/ζ+βP C −R(P ) ≤ 0}. S β is strictly convex in P becauseR(P ) is strictly concave in P . Therefore,Γ EE (P ) is strictly quasiconcave in P [30] . In addition, sinceR(P ) is strictly concave in P , we have lim P →∞Γ EE (P ) = lim P →∞R (P ) P/ζ + P C = 0.
and p k = P − i∈I p i > 0. The maximization problem of the sum information rate becomes the maximization of the achievable information rate of user k with the best g k . It is simplified as
It can be shown that r k is a concave function of {w i } and {p i }. The maximum can be found by taking the gradient ∇r k = 0, which yields
where ψ is the intermediate coefficient that results in the maximum rater k . With ψ, the bandwidth and the transmit power of the ith user (i ∈ I) can be solved as ), and W 0 (·) is the principal branch of the Lambert W function. From (45), ψ can be expressed as
Since the achievable information rate of user k is given bŷ
and p k = w k g k (2r k /w k − 1), it follows that
Solving for w k , we have w k =r k ln 2 W (k) 0 + 1 .
(51) Therefore, the achievable rate of user k is given bŷ
and the maximum sum information rateR is given bŷ .
For z ∈ [−1/e, 0], the initial guess is given by
where p = 2(ez + 1). For z ∈ [0, 2.7], the initial guess is given by W 0 (z) = 0.5. For z ≥ 2.7, the initial guess is given by
where L 1 = ln(z) and L 2 = ln(ln(z)) [31] .
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